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Abstract. The notion of Vassiliev algebra in case of hanlebodies is developed. The 
analogues of the results of John Baez for links in handlebodies are proved. That 
"^C^' ■ means that there exists a one-to-one correspondence between the special class of 

^\ I finite type invariants of links in hanlebodies and the homogeneous Markov traces on 

0^ ' Vassiliev algebras. This approach uses the singular braid monoid and braid group in 

[ a handlebody and the generalizations of the theorem of J. Alexander and the theorem 

■ of A. A. Markov for singular links and braids and the relative version of Markov's 
I theorem. 

T— I ■ 

(N : 

§1. Introduction 

^ I Knot and link invariants introduced by V. A. Vassiliev [1] attracted a lot of 

O ■ attention and are studied deeply from various points of view as well as their con- 
^ . nections with other fields of mathematics. In spite of the short period of time there 

! exists a big amount of works on this subject. 
^ I The conception of finite type invariants was applied also for study of knots and 

links in 3-manifolds. Here Xiao-Song Lin [2] considered contractible manifolds and 

■ homological spheres and proved that the module of Vassiliev invariants of the order 
CT' n for such a manifold coincides wih that of the standard 3-dimensional euclidean 
^ ! space. V. A. Vassiliev continues his original approach considering the space of 

I smooth maps from a circle to a given manifold, its discriminant, cohomology and 
}-i ' spectral sequence [3]. V. Gorynov in his work [4] in particular develops the for- 
■ — ' malism of chord diagrams for solid torus and proves the analogue of M. Kontsevich 
theorem in this case. 

The classical theorems of J. Alexander and A. A. Markov established the close 
interconnections between the study of links and the theory of braids. For Vassiliev 
invariants relations between singular braids and singular knots arise. They were 
studied by John Baez [5] and Joan Birman [6]. 

The aim of this paper is to carry the results of John Baez [5] for links in han- 
dlebodies. In our approach we use the braid group in a handlebody, which was 
studied by A. B. Sossinsky [7] and the author [8, 9]. The essential ingredients are 
the generalizations of the theorem of J. Alexander and the theorem of A. A. Markov 
for singular links and braids proved by Joan Birman [6] and Bernd Gemein [10] and 
the relative version of Markov's theorem proved by Sofia Lambropoulou and Colin 
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Rourke [11]. This version allows us to have Markov's theorem for links in hanle- 
bodies. The proofs of John Baez [5] remain valid after necessary adaptations to the 
case of a handlebody. 

The author is thankful to Sofia Lambropoulou, Bernd Gemein and Viktor Vas- 
siliev for supplying him with the preprints of their papers. 



§2. Singular braids in handlebodies 

Let SBn be the singular braid monoid on n strings [5, 6], which is also called the 
Baez-Birman monoid or generalized braid monoid. It has the generators a"i, 
Oj, i = 1, n — 1, and relations 



(1) 



(TiCTj = CTjCJi, j\ > 1, 

CLiCLj — CLjCLi, if \i — j\ > 1, 

ttid-j = o-jai, if \i - j\ ^ 1, 

O'iO'i+lO'i = O'i+lO'i'^i+l, 
^i^i+lO'i = O'i+lO'iO'i+l, 



= (T, Vi = 1. 



Geometrically ai corresponds to the canonical generator of the braid group (right- 
handed crossing) and represents an intersection of the ith and (i+l)st strand, just 
as in Figures 1 and 2. More detailed geometric interpretation of the Baez-Birman 
monoid can be found in the paper of Joan Birman [6]. 

1 i-1 i i+1 i+2 n 




Fig. 1 
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Fig. 2 



As the analogous object in a handlebody of the genus g it is natural to consider 
the submonoid of SBg^^ in which the first g strings are unbraided and noncrossing. 
We denote it by SB!^. The braid group Br!^ in a handlebody of the genus g 
was studied by A. B. Sossinsky [7] and the author [8, 9]. It has the generators 
Tk, A; = 1,2, ...,g and 

^ij •••I'^n—i B'lid relations 



(2) 



( CTiCTj 



= ajCTi if \i - j\ > 1, 

= aiTk if A; > 1, i > 2, 
= o-iTkaiTk, A; = 1,2, ...,g; 

= a^^Tk+iaiTk, k=l,2, g - 1; i = 1, 2, ...,g - k. 



The group Br^ is considered as a subgroup of the classical braid group Brg+n on 
g + n strings, such that the braids from Br^ leave the first g strings unbraided. 
We denote also by aj the standard generators of the group Brg+n- Then Tk, k = 
l,2,...,g, are the following braids: 



Tk = agag-i...ak+i(Tla,^l^...ag\ag ^ 



Geometrically such a braid (for /c = 1) is depicted in the Figure 3. 

1 2 9 g+1 g+n 



Fig. 3 
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The elements ai G Br^ correspond to £Tj_|_g. 

The monoid SB-j^ can be considered as a submonoid of SBg+n generated by the 
elements ai = ai^g, Tk, k — 1,2, g and = cii+g. 

It is proved by R. Fenn, E. Keyman and C. Rourke [12] that the Baez-Birman 
monoid SBk embeds in a group SGk which they call the singular braid group: 

SBji — > SGn- 

It means that the elements Oj become invertible and all the relations of SB^ remain 
true. 

It seems to be rather complicated to write a presentation of monoid SB^, but 
some relations can be obtained easily. Let us introduce the following notations: 

Proposition 1. The following relations are fulfilled in the monoid SBg+n o-nd 
hence in the group SGg+n-' 

ri,gag+lTi^gag+l = ttg + lTi^gag + lTi^g, i < . 

Proof. These relations are obtained in the following way. We express the elements 
^i, i < fi', by means of ag+i and aj using firstly the fifth relation in (1) and secondly 
the sixth relation in (1). Then we equate these two expressions. We start with a^: 

ag = agl-^^ag'^ag+io-gd-g+i. 

Hence we have 

(3) agal_^_^agag+i = ag+iagag^;^ag. 

Let us multiply on the right side both parts of the equality (3) by ^g+i and then 
use the braid group relations and the relation ag+ittg+i = ag+i&g+i. We get the 
following equalities for the left part of (3): 

- - -2 -- -2- -2- 

O'g+lO'gf^g+l^ 9^9+1 — '^g'^g+l^^g^^g+l'^g'^g+l = CgCg+l'^gOg+l , 

and analogously for the right part: 

^g+i^g+i^gO-g+i^g = ag+id-gO-g+iag. 
Using the expressions for we obtain: 

rg,gag + lTg^gag+l = ttg + lTg ^gff g+lTg ^g . 

In general case we have the following expressions 
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(4) ai = ai+iaiai+20-i+i...agag+iag •••cri+iCrj_^2C^i ^i+i' 

ag-i = agag_iag+iagag+iag^a~l^a~}^a~^, 
ai = ^2 ^ ■■■^g^a,g+iag...a2a3aia2, 

0,2 = a^^a2^ ...ag^agj^iag...a20z-i 
•••■> 

(5) ai = a^:^\CT~^CT^:^\CTr^\...CT~^ag+iCTg...a^^ 

ag-i = ag^ag\a~l^ag^ag+iagag+iag-iag, 
From the equations (4) and (5) we get 

(6) agag-^.i...aia'^_^_^ai...ag+iagag+i = ag^iagagj^i...aia'^_^_-i^ai...ag+iag. 

We multiply on the right side both parts of the equality (6) by a-g+i and then use 
the braid group relations and the relation ag+ittg+i = ag+iag+i. We have the 
following equalities for the left part of (6): 

o'g+i^g^g+i---^id-f_^_^ai...ag+id-gag+i = d-gag+id-g...aid-f_^_^ai...ag+id-gag+i = ... 

= d-gag+id-g...ai+iaiaf_^id-i...d-g+iagag+i = 

- - - - —2- —2- — - - 

= 0"gO-g + l(Tg...(Ti+2Cj (Ti+l<Tj (Ti4.2...Crg + l(Tgag+l = 

- - - -2- - - -2 - - - 
— C^sC^g+lC^g---0"i ^i+lO"i+2<7i+lCrj . . .ag+iagGg+i — ... — 

_ _ —2— — — — —2— — — — 

= agag-l...aj^ai+l...agag+iag...aj^ai+l...ag = TiTi+l...Tgag + lTiTi+l...Tgag+l. 

Analogous transformations for the right side of (6) give the equation 

n,g^g+in,gag+l = ag+iTi^gO-g+iTi^g. □ 

Corollary 1. The following relations are fulfilled in the monoid SB^: 

Ti,gCriTi^gai = aiTi^gaiTi^g, i < g. □ 

Remark. The analogous relations are fulfilled in the braid group Brg+n and hence 
in the braid group in a handlebody Br!^: 

The proof is straightforward using the induction on m — i 
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There exist maps which are right inverses of the homomorphism of the canonical 
inclusion 

jk ■ Brk SGk- 

One of them 

hk : SGk — Brk, 

is defined by the formulas: 

hk{ai) = ai, 
hk{ai) = e, 

and another one 

h'k : SGk ^ Brk, 
by the following action on generators: 

h'ki^i) = ^i- 

The image of the composition 

QnQ ^"'^l on ^g+? 

lies in Br!^. We define a homomorphism h-^ to make the following diagram com- 
mutative 

SGi SGg + n 



g+n 



Bri Br g+n. 



These homomorphisms fit for the following commutative diagram 



SGn SG^ SG, 



icl 

Let deg;;. be the homomorphism 



Brn Br9^ Brg+n- 



SGk^Z 

which assigns to each element of the group SGk the sum of degrees of the generators 
ai, which occur in this element. We define a homomorphism 

deg^ ■.SGf.^Z 

as the following composition 

iJ^n iJ^g+n ^ ^■ 

One defines a homomorphism 

Z^SGi 

as an inclusion of the cyclic group as a subgroup generated by the element ai. Then 
the composition 

Z ^ SGi Z 

is equal to identity. 
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§3. Vassiliev algebra for handlebodies 

Let K he a, commutative ring with unit, K[e] is a polynomial ring on one variable 
e over K, KSB^ denotes the semigroup algebra of the monoid (semigroup with the 
unit) SB9 over K. 

Definition 1. We call Vassiliev algebra the factor-algebra of KSB^ ® K[e] 
by the ideal generated by the relations 

(Ti — cr~^ = eoi. 

Remark. Definitions and results of the paper of J. Baez [5] follow if we take 5^ = 0. 
We omit writing zero in these cases. 
The homomorphism of inclusion 

SB^^ SBg+n 

induces the homomorphism of algebras: 

a:V^^ Vn+g, 

such that a{ai) = ag+i, a{ai) = cig+i, a{Tk) = agag-i...ak+iala^l^...a~\a~'^ . 
We define the homomorphism 

: KBr^ ^ V£ 



n 



by the formulas: 

v^in) = Ti. 

Let i^(e) be the algebra of Laurent polynomials in e over K. 
Proposition 2. The homomorphism 

1 : KBr^ (g) K{e) ^K[e] K{e) 

is an isomorphism. 

Proof. The generators of V^^K[e] -f^(^) cire the images of the elements from KBr^<^ 
K(e): for Ui and Ti this follows from definition and for aj from the formula 

{v^ (g) l)(((Ji - o-r^) e"^) = aj ^ 1. 

So <S>1 is an epimorphism. Let us consider the commutative diagram 

KBra^®K{e) V^®K[.]K{e) 

1 Incl (8) 1 [a 

KBrn+g®K{e) V^+g ®K[e]K{e). 

The homomorphism Incl ® 1 is a monomorphism, because all the modules are free. 
The homomorphism ^; 1 is a monomorphism, because it has evidently defined 
right inverse. Hence (8) 1 is a monomorphism and then an isomorphism. □ 

Remark. This Proposition is more important in the case of a handlebody than in 
the classical case because the presentation of the Vassiliev algebra in this case is 
not so evident. 
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§4. Invariants of links in handlebodies 

Let £ be a i^- valued link invariant by wtiat we mean an ambient isotopy invariant 
of oriented links in a handlebody of a genus g. It uniquely extends to a K (e)-valued 
invariant of generalized links admitting transverse double points by the standard 
procedure 

£(L+)-£(L_) = e£(Lx), 

where L+, L_ and denote link diagrams with a right handed crossing, left 

handed crossing, and an intersection respectively, at a given point, the rest of the 
diagram being the same. Usually e is supposed to be equal to 1 in this equation. 
An invariant jC is called to be of degree d if it vanishes on all generalized links with 
at least rf + 1 self-intersections. A link invariant of degree d for some d is said to 

be oi finite type. 

For all n there are inclusions C and KBrf^ C KBr^_^_i. We consider 

the direct limits and KBr^ and omit index cxo in notations. 

Definition 2. We call a Markov trace on to be a i^[e] -linear homomorphism 
to some i^[e] -module E 

T-.V^ ^ E, 

satisfying the following conditions 

T{xy) = T{yx) for aU x.yeV^, 

T{xat^) = zT{x) for some z e K and for aU x e G . 
Similarly is defined the Markov trace to some -fC-module M 

tr : KBr^ M. 

This definition of Markov traces is analogous to the classical one for usual braids 

tr : KBr M. 
Definition 3. A Markov trace 

T : ^ K[e] 

is said to be homogeneous of degree d if for every x e KBr^ its image T{v{x)) e K[e\ 
is a homogeneous polynomial on e of degree d. 

For a braid x e Sr^ we denote by x its closure with respect to the last n strings. 
It is considered as a link in a handlebody of the genus g. For a link L we denote by 
LU o the unlinked union with the unknot (which is also supposed to be unlinked 
with the holes of the handlebody). 

Theorem 1. There is a one-to-one correspondence between K-valued link invari- 
ants C of degree d such that for some z e K* (group of units of the ring K) 

(7) zC{L U o) = £(L) 

and Markov traces 
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that are homogeneous of degree d. The invariant C determines the trace T , and 
conversely by the formula 

(8) T{v^{x)) = e'^^"-^£(x), for x e Br^. 

Proof. Let M be K-module, £ is a M-valued link invariant, satisfying the equa- 
tion (7). Then by the relative version of the Markov's theorem proved by Sofia 
Lambropoulou and Colin Rourke [11, Theorem 4.7] there exists a Markov trace 

tr : KBr^ M, 

given by the formula 

(9) tr{x) = for aU x E Br^. 

We note that this trace is well-defined because if y G KBr^_^^ is the image of 
X e Br^ under the canonical inclusion KBr^ C KBrf^_^_i, then 

tr{y) = z'^Ciy) = z"" L[x U o) = z""'^ L[x) = tr{x). 

Moreover, tr is a trace because ^ = for all x, y e ^'^n- We also have 

tr{xa^^) = z'^Ci^^) = z^'Cix) = ztr{x). 

So, equation (9) gives a one-to-one correspondence between M-valued link invari- 
ants satisfying (7) and Markov traces 

tr : KBr^ M. 

Now let C be valued link invariant of degree d satisfying equation (7). Then 
there is a unique Markov trace 

tr : KBr^ K 

given by the equation (9). Then by the Proposition 2 there exists a map 
such that 

f{v (g) 1) = e'^itr 1) : KBr^ ® K{e) K{e). 
Let To be defined as the composition 

= ®K[e] m ®K[e] K{e) ^ K{e). 

It follows that 

To{v{x)) = eHr{x), x e KBr^. 
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If an element x G can be written as a product of / generators and an arbitrary 
number of the generators aj or t/., then To{x) = ce^~'' for c E K. Moreover, if Z > d, 
then To(x) = 0, since C is invariant of degree d. Hence 

d 

ro(a;) = ^Qe\ Ci e K, 

for arbitrary x eV^. This means that Tq factors through a map 

T-.V^ ^ K[e]. 

It is easy to check that T satisfies necessary conditions. 

Conversely, suppose that T : — > iir[e] is a homogeneous Markov trace of 
degree d. We define a Markov trace tr : KBr^ K hj the formula 

Tv = eHr. 

Then equations (8) and (9) define a link invariant. We need to prove that it is 
of degree d. Let L be a link with / self-intersections, and let xq G SB-}^ be such 
that its closure xq is ambient isotopic to L. We use here the generalizations of the 
theorem of J. Alexander and the theorem of A. A. Markov for singular links and 
braids proved by Joan Birman [6] and Bernd Gemein [10]. Let xi be the image of 
xq in . Then 

xi = ylai^y2ai^...ai^yl+l, 

where the elements yi do not have entries of generators Uj. Define x e KBr^ by 
the formula 

X = yi{(Ti, - (T-^)y2{(Ti^ - a-^)...{ai^ - (T-^)yi+i. 

Then 

eHrix) = Tv{x) = e^T{xi). 
Since tr{x) G K and T{xi) G K[e], if / > d we must have tr{x) — 0. By construction 

£{L) = z^-^'trix), 

so it follows that = 0. □ 

As an example of the situation considered above let 

Ts : ZBr Z(e) 

be the trace constructed by V. Turaev [13, Theorem 4.2.1]. It is a Markov trace 
with z = 1: 

Ts{xcr^^) = Ts{x) for aU x e Sr„ C Br. 
For i = 0, g; we define a trace 

Ts,i : ZBr^ ^ Z{e) 

as the composition 

ZBr^ ^ ZBr^-' ZBr ^ Z(e), 
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where the first map is defined by the formulas 

(j){Tj) = e, for j = 

^(T?) = Tj-i^ for j = 1+1, ...,g; 

(f){ak) = (Tk, for all k; 

and the second one is the canonical inclusion. It follows from the presentations (2) 
of the groups Br^ that the homomorphism (p is defined correctly. Then we apply 
the standard substitution q = exp(e) and obtain the unique Markov trace 

such that TiV^ = Ts,i. We write 

oo 

where each 

T,,d : ^ Z[e] 

is a Markov trace homogeneous of degree d with 

TiX^a^') = Ti,d{x) for aU xeV^^ . 
So, each ^ gives a link invariant Ci^d of degree d, such that 

A,d(^) = e-'^Ti,dK(x)), for X e Brl 
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